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Abstract- This paper proposes a selective harmonic elimination technique for medium and high power three phase
cascaded H-bridges l-level inverters at fundamental frequency. Compared to other SHE methods, it is capable to delete
more harmonics from the output voltage waveform and to provide lower total harmonic distortion values. A mathematical
proof is given to demostrate that undeleted harmonics are only those of order n = 2k (l + r) ± 1, k = 1, 2, . . ., where
r is an integer parameter that assumes the values −2, −1, 0, de�ning three di�erent sets of switching angles, provided
within the whole range of modulation index. Proposed method assumes the availability of di�erent dc voltage sources and
pulses patterns, de�ned for the three sets of switching angles. Simulated results are shown to con�rm the validity of the
proposed procedure. For l = 5 and l = 7, obtained results have been compared with those obtained with a conventional
SHE technique at the same conditions. Very good performances, in terms of number of deleted harmonics and THD,
are observed when r = 0, moreover, in comparison with classical SHE, proposed method o�ers reduced computational
complexity because it does not require the solution of non linear equations.

Keywords- Selective Harmonic Elimination, Cascaded H-bridges, Multilevel Inverters, Total Harmonic Distortion,
Renewable Energy Systems.

Nomenclature
m modulation index
αi ith switching angle
Vdci ith dc voltage feeding H-bridge
l inverter levels
s number of switching angles, s = l−1

2

RSS reference sinusoidal signal
Vm peak value, in p.u., of RSS
ω angular velocity
vAN (ωt) output phase voltage
r integer parameter that assumes

the values −2, −1, 0

1. Introduction

The integration of distributed generation (DG) systems
based on renewable energy resources (e.g., wind turbines,
photovoltaic, fuel-cells, biomass, micro-turbines, small hy-
droelectric plants, and so on) with a distribution grid repre-
sents represents the most promising solution to the increas-
ing demand of clean energy, but at the same time it an im-
portant issue from technical, economical and environmen-
tal points of view [1, 2, 3]. In medium-voltage and high-
power systems, multilevel inverters (MLI) represent a good
choice in terms of performance and cost [4, 5, 6]. Their best
characteristics are: reduced voltage ratings for the adopted

power devices, good harmonic spectrum, thus making pos-
sible the use of smaller and less expensive �lters, and good
dynamic response. Technical challenges are focused on in-
creasing inverter’s e�ciency, improving power quality by
reducing THD, decreasing conduction as well as switching
losses [7, 8].
In MLI operating with modulations at high frequency, such
as phase shifted modulation, switching losses (SL) are sig-
ni�cantly higher than conduction losses (CL) as they de-
pend on the number of switching states, therefore, in order
to increase overall e�ciency, a reduction of switching fre-
quency is necessary [9, 10].
The typical cascaded H-bridge (CHB) multilevel inverter
topology requires a high number of switches and related
gate drivers, which may lead to an expensive and complex
overall system. Therefore, several new multilevel inverter
topologies using a reduced number of switches and related
gate drivers were developed in recent years [11, 12, 13].
Starting from several levels with equal or unequal dc volt-
ages, MLI produce a stepped waveform from which a si-
nusoidal waveform is extracted through passive output �l-
ter. However, the staircase waveform produced by the MLI
contains sharp transitions that result, by Fourier series the-
ory, in harmonics added to the fundamental frequency si-
nusoidal component [14].
In a typical conversion system for renewable energy, dc
power sources of a multilevel inverter are supplied by the
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renewable energy generators e.g. photovoltaic strings or
wind generator that presents �uctuations due to environ-
mental factors. For instance, the outputs of solar cells
change due to variations of light intensity, temperature, and
so on, wind generation depends of wind characterists, and
so on. Therefore, while control algorithms extract the max-
imum achievable power, a suitable modulation technique
is necessary to convert input energy in the form required
by AC distribution line. Many modulation techniques have
already been developed for MLI such as those derived by
Sinusoidal Pulse Width Modulation (SPWM) such as Phase
Shifted PWM (PS-PWM), Space Vector Modulation (SVM)
[15, 16, 17, 18], Analytical Selective Harmonic Elimination
[19, 20]. Some of them are nonlinear methods, such as hys-
teresis control [21, 22], sliding mode control [23] and others
[24, 25]. In classical SHE approach, the switching angles are
the unknowns of the problem [26].
A transcendental equation system that sets to zero the am-
plitudes of the harmonics to delete, is solved. In order to
increase the number of harmonics to be deleted without in-
creasing switching frequency, also the dc voltage levels can
be considered as unknowns, thus increasing the number of
equations [27, 28, 29, 30].

In [31] a universal formulation, which can be utilized
with half-wave symmetry, that provides a unique system of
equations valid for any possible multilevel waveform, has
been proposed. Thereby, without using prede�ned wave-
forms, this formulation provides the ability to search simul-
taneously both the �ring angles and the switching patterns,
simplifying signi�cantly the search process and providing
a high number of solutions.

In [32] an inclusive comparison of di�erent modula-
tion techniques has been conducted in terms of low-order
harmonic elimination and weighted total harmonic distor-
tion (WTHD) by using metaheuristic techniques that have
shown remarkable performance in a vast variety of engi-
neering problems.

In [33] a two-stage algorithm has been proposed to com-
pute switching angles for SHE or selective harmonic con-
trol. Compared to the traditional numerical methods, the
executing e�ciency is increased sigini�cantly.

Paper [34] presents two optimisation techniques, namely
backtracking search algorithm and di�erential search algo-
rithm (DSA) for obtaining a more accurate solution of the
harmonics elimination problem. The superiority of the pro-
posed optimisation algorithms over the well known algo-
rithms such as genetic, BEE and particle swarm optimisa-
tion has been established by a comparative study with re-
spect to the possibility of getting global minima, the rank
of convergence rate, and inverter performance analysis.

In this paper a fundamental frequency SHE technique for
three phase CHB l-level inverters is proposed that elimi-
nates a signi�cant number of harmonics from the output
voltage, returning high quality waveform. A mathematical
proof is included to demonstrate that the undeleted har-
monics are only those of order n = 2k (l + r) ± 1, k =
1, 2, . . ., where r assumes the values −2, −1, 0, de�n-
ing three di�erent sets of equispaced switching angles in
the whole range of m. Unequal dc voltage sources, de-
pending on the switching angles, feed the H-bridges. Re-

sults are obtained by simulations, con�rming the accuracy
of the proposed procedure that deletes a higher number of
harmonics and returns lower THD respect to the classical
SHE method. THD doesn’t depend on m and it is shown
that the smallest THD is obtained when r = 0, except for
l = 9, 15, 21, 27 where r = −1 represents the best choice.
Considering three phase CHB 5- and 7- levels inverters,
the results obtained by the proposed technique and by the
classical SHE [20, 35] at the same conditions, are shown.
For all the considered values of m, proposed method with
r = 0, deletes a higher number of harmonics and provides
lower THD, than the considered classical SHE. Moreover
proposed method doesn’t have to solve non linear equa-
tions to �nd the switching angles, thererefore, computa-
tional load is much lower than with conventional SHE.

2. Proposed procedure

Vdc1
Vdc1 Vdc1

Vdcs
VdcsVdcs

Vdc2 Vdc2
Vdc2

A B C

N

Figure 1: Three phase CHB l-level inverter.

A fundamental frequency SHE technique is proposed for
three phase CHB l-level inverters having s H-bridges, as
shown in Fig. 1. Considering for example the phase A, the
Fourier series expansion of output phase voltage vAN is

vAN (ωt) = 4
π

∞∑
k=1

1
2k−1H2k−1 sin ((2k − 1)ωt) (1)

where

H2k−1 =

s∑
i=1

Vdci cos ((2k − 1)αi) (2)

The amplitude V2k−1 of the harmonic of order (2k − 1) can
be expressed as

V2k−1 =
4

π (2k − 1)
H2k−1 (3)

The procedure assumes:

• fundamental switching frequency

• equispaced switching angles given by
2
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αi = α1 + (i− 1)
π

(l + r)
i = 2, . . . , s (4)

where r is an integer parameter that can be assume the val-
ues −2, −1, 0 and α1 = 0 or α1 = π

2(l+r)

• unequal dc voltage sources Vdci, i = 1, . . . , s, ex-
pressed as

Vdc1 = Vm sin

(
α1 + α2

2

)
(5)

Vdci = Vm

[
sin

(
αi + αi+1

2

)
− sin

(
αi−1 + αi

2

)]
(6)

i = 2, . . . , s− 1

Vdcs = Vm

[
sin

(
αs + ϑ

2

)
− sin

(
αs−1 + αs

2

)]
(7)

where ϑ = αs + π/ (l + r) = α1 + sπ/ (l + r) and Vm is
assumed equal to 1 p.u. for m = 1, as shown in Fig. 2.
If α1 = 0

Vdc1 = Vm sin

(
π

2 (l + r)

)
(8)

Vdci = Vm

[
sin

(
(2i− 1)π

2 (l + r)

)
− sin

(
(2i− 3)π

2 (l + r)

)]
(9)

i = 2, . . . , s

If α1 6= 0

Vdci = Vm

[
sin

(
iπ

l + r

)
− sin

(
(i− 1)π

l + r

)]
(10)

i = 1, . . . , s

Fig. 2 shows the output phase voltage waveform of a three
phase CHB 15-level inverter with α1 = π

30 , Vm = 1 p. u.,
r = 0 and ϑ = π

2 .
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Figure 2: Output phase voltage waveform of a three phase
CHB 15-level inverter with α1 6= 0 and r = 0.

Depending on the parameter r and on the value of α1

and considering a three phase CHB 15-level inverter, the
obtained switching angles and the dc voltage sources for
m = 1 are summarized in Table 1 and Table 2, respectively.
In Figs. 3 and 4 the case withα1 6= 0 is shown. It is observed
that for r = −2 and α1 6= 0 the value Vdc7 = 0. Vdcs = 0
holds for each value of l.
Fig. 5 represents the case with α1 = 0, highlighting that
Vdc1 is lower respect to the other dc levels.
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Figure 3: Switching angles depending on r with α1 6= 0 for
a three phase CHB 15-level inverter.

It is demonstrated in the next Section that, by applying
the proposed procedure, the only undeleted harmonics are
those of order n = 2k (l + r) ± 1, k = 1, 2, . . . , r =
−2, −1, 0.
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Figure 4: dc voltage sources depending on r with α1 6= 0
for a three phase CHB 15-level inverter.
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Figure 5: dc voltages sources depending on r with α1 = 0
for a three phase CHB 15-level inverter.

3. Mathematical proof

Assuming n = 2k− 1, k = 1, 2, . . . , equation (2) becomes

Hn =

s∑
i=1

Vdci cos

(
n

(
α1 + (i− 1)

π

l + r

))
(11)

The case considered for the proof is α1 6= 0 and r =
−2, −1, 0, therefore

Hn = Vm
s∑
i=1

[
sin
(
iπ
l+r

)
− sin

(
(i−1)π
l+r

)
·

cos
(

(2i−1)π
2(l+r)

)] (12)
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Table 1: Switching angles (in [rad]) depending on the parameter r and on the value of α1 for a three phase CHB
15-level inverter.

r α1 αi, i = 2, · · · 7 ϑ
–2 π

26
3π
26 ,

5π
26 ,

7π
26 ,

9π
26 ,

11π
26 ,

13π
26

15π
26

-2 0 π
13 ,

2π
13 ,

3π
13 ,

4π
13 ,

5π
13 ,

6π
13

7π
13

-1 π
28

3π
28 ,

5π
28 ,

7π
28 ,

94π
28 ,

11π
28 ,

13π
28

15π
28

-1 0 π
14 ,

2π
14 ,

3π
14 ,

4π
14 ,

5π
14 ,

6π
14

π
2

0 π
30

3π
30 ,

5π
30 ,

7π
30 ,

9π
30 ,

11π
30 ,

13π
30

π
2

0 0 π
15 ,

2π
15 ,

3π
15 ,

4π
15 ,

5π
15 ,

6π
15

7π
15

Table 2: dc voltage sources depending on the parameter r and on the value of α1 for a three phase CHB 15-level
inverter form = 1.

Vdci [p.u.]
r -2 -2 -1 -1 0 0

α1
π
26 0 π

28 0 π
30 0

Vdc1 0.239 0.121 0.223 0.112 0.208 0.105
Vdc2 0.225 0.234 0.211 0.218 0.199 0.204
Vdc3 0.198 0.213 0.190 0.202 0.181 0.191
Vdc4 0.160 0.180 0.158 0.175 0.155 0.169
Vdc5 0.112 0.137 0.119 0.140 0.123 0.140
Vdc6 0.058 0.085 0.074 0.097 0.085 0.105
Vdc7 0.0 0.029 0.025 0.050 0.043 0.065

Applying Prosthaphaeresis and Werner formulas, follows

Hn = 2Vm sin
(

π
2(l+r)

)
·
s∑
i=1

[
cos
(
n (2i−1)π

2(l+r)

)
·

cos
(

(2i−1)π
2(l+r)

)] (13)

and

Hn = Vm sin
(

π
2(l+r)

)
·
s∑
i=1

[
cos
(
(n+ 1) (2i−1)π

2(l+r)

)
+

+(n− 1) cos
(

(2i−1)π
2(l+r)

)]
(14)

Calling Sq =
s∑
i=1

cos
(
q (2i−1)π

2(l+r)

)
follows

Hn = Vm sin

(
π

2 (l + r)

)
(Sn+1 + Sn−1) (15)

The goal is to �nd the values of n such that Hn = 0 and
consequently Vn = 0.
The following equality holds [29]

Sq =
s∑
i=1

cos
(
q (2i−1)π

2(l+r)

)
= (16)

1
2 sin

(
πq(l−1)
2(l+r)

)
/ sin

(
πq

2(l+r)

)
q 6= 2p (l + r) ,

(−1)p s q = 2p (l + r) , p = 1, 2, . . .

If q 6= 2p (l + r) , p = 1, 2, . . ., q even, then

Sq =
1

2
sin

(
πq (l − 1)

2 (l + r)

)
/ sin

(
πq

2 (l + r)

)
= (17)

1

2
sin

(
q
π

2
+ q

(−1− r)π
2 (l + r)

)
/ sin

(
πq

2 (l + r)

)
therefore
Sq =

1

2
cos
(
q
π

2

)
sin

(
q
(−1− r)π
2 (l + r)

)
/ sin

(
πq

2 (l + r)

)
=

(18)
0 if r = −1
− 1

2 cos
(
q π2
)
= − 1

2 (−1)
q
2 if r = 0

1
2 cos

(
q π2
)
= 1

2 (−1)
q
2 if r = −2

Substituting q = n± 1, the quantity
(Sn+1 + Sn−1) = (19)

0 if r = −1
± 1

2

[
cos
(
(n+ 1) π2

)
+ cos

(
(n− 1) π2

)]
=

= ± 1
2

[
− sin

(
nπ2
)
+ sin

(
nπ2
)]

= 0 if r = 0, −2

If q = 2p (l + r) , p = 1, 2, . . ., and substituting q = n±1,
then, for (16) and (18), follows

(Sn+1 + Sn−1) =

{
(−1)p s if r = −1
(−1)p s± 1

2 (−1)
q
2 if r = 0, −2

(20)
It is demonstrated thatHn = 0 for n 6= 2p (l + r)± 1, p =
1, 2, . . ., and consequently for (3) Vn = 0.
Fig. 6 shows, for a three phase CHB 15-level inverter, the
behavior of the quantity Hn for Vm = 1 and r = 0 as a

4
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function of harmonic order n. It is possible to observe that
Hn, represented in the graph as continuous function in n,
is equal to zero for all odd n except n = 30p ± 1, p =
1, 2, . . .. For the case α1 = 0 the proof is similar.

1 5 9 13 17 21 25 29 33 37 41 45 49 53 57 61 65 69 73 77 81 85 89 93 97
−1

−0.5

0

0.5

1

H
n
 

n

Figure 6: Hn for α1 6= 0, Vm = 1 and r = 0.

4. Simulated results

This section reports some signi�cant simulation results.
THD%, chosen as a quality index, has been computed as

THD% =

√
131∑

n=3, 5, 7,
V 2
n

V1
· 100 (21)

Three phase CHB multilevel inverters are considered for
the case α1 6= 0 depending on parameter r.
Figs. 7, 8 and 9 show the weighed harmonics respect to the
fundamental of the output phase voltage in a three phase
CHB 15-level inverter, chosing α1 = π

2(15+r) and r =

−2, −1, 0, respectively. For each level, the case α1 = 0
gives similar results in terms of THD and harmonic anal-
ysis for r = −2, −1, but for r = 0 performs a harmonic
mitigation as shown in Fig. 10.
Figs. 11, 12 and 13 show the harmonic analysis of the output
phase voltage in a three phase CHB 29-level inverter for
r = −2, r = −1 and r = 0, respectively. Considering up
to the 131-th harmonic order, the last case returns the lower
THD%, as con�rmed in Fig. 14.
Fig. 14 shows THD% values of the output phase voltage
in three phase CHB multilevel inverters, when the num-
ber of level l varies in the range [5, 33]. Since three phase
topologies intrinsically delete the third and multiple har-
monics, THD% presents discontinuous behavior at a given
r and, depending on the level, the lower THD% is obtained
for r = −2 or r = −1 or r = 0. The 29-level returns THD%
less than 1% for r = 0. For 9, 15, 21, 27 levels, r = −1 re-
turns the lower THD%.

Considering l = 5 and l = 7, the THD% results obtained
by the proposed technique are compared with those carried
out by the classical SHE at the same conditions [20, 35]. Ta-
ble 3 summarizes these results. It is possible to observe that
the proposed modulation, for r = 0, returns lesser THD%
values in the whole range of considered modulation index.
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Figure 7: Vn/V1% of output phase voltage in a three phase
CHB 15-level inverter (α1 6= 0, r = −2).
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Figure 8: Vn/V1% of output phase voltage in a three phase
CHB 15-level inverter (α1 6= 0, r = −1).
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Figure 9: Vn/V1% of output phase voltage in a three phase
CHB 15-level inverter (α1 6= 0, r = 0).
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Figure 10: Vn/V1% of output phase voltage in a three phase
CHB 15-level inverter (α1 = 0, r = 0).
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Figure 11: Vn/V1% of output phase voltage in a three phase
CHB 29-level inverter (α1 6= 0, r = −2).
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Figure 12: Vn/V1% of output phase voltage in a three phase
CHB 29-level inverter (α1 6= 0, r = −1).
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Figure 13: Vn/V1% of output phase voltage in a three phase
CHB 29-level inverter (α1 6= 0, r = 0).
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Figure 14: THD% of output phase voltage in a three phase
CHB l-level inverter for α1 6= 0.

5. Conclusions

In this paper a fundamental frequency SHE technique has
been presented for three phase CHB l-level inverters. It re-
quires variable dc sources, which is a drawback in industry
and in smart grid applications, but not in renewable energy
generation systems such as photovoltaic or wind genera-
tion systems in which the converter includes DC/DC stage.
On the other side, proposed method eliminates a larger
number of harmonics than conventional SHE, thus it allows
to obtain low THD, that remains constant as the modula-
tion index changes. Three di�erent sets of switching an-
gles have been de�ned for �ve and seven level inverters,
by means of an integer parameter r, in the whole range of
m. It has been demostrated through a mathematical proof
and veri�ed by simulation results that undeleted harmon-
ics from output voltage waveform are only those of order
n = 2k (l + r) ± 1, k = 1, 2, . . . , r = −2, −1, 0. The
choice r = 0 has returned lower THD in comparison to the
other r choices, except for l = 9, 15, 21, 27 where r = −1
represents the best choice. A three phase CHB 17-level in-
verter with α1 = π

34 and r = 0 returns THD% of about 3%
and a 29-level with α1 = π

58 and r = 0 gives THD% less
than 1%. Proposed modulation technique does not depend
on the number of levels, and works at fundamental switch-
ing frequency, thus it o�ers low losses and consequently
high e�ciency. Ad additional advantage, is that it allows
to satisfy grid code requirements using a lightweight and
cheap �lter.
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Table 3: THD% comparisons.
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